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PREFACE 


In the mathematics course of secondary schools students 
get acquainted with the properties of inequalities and me- 
thods of their solution in elementary cases (inequalities 
of the first and the second degree). 

In this booklet the author did not pursue the aim of 
presenting the basic properties of inequalities and made 
an attempt only to familiarize students of senior classes 
with some particularly remarkable inequalities playing an 
important role in various sections of higher mathematics 
and with their use for finding the greatest and the least 
values of quantities and for calculating some limits. 

The book contains 63 problems, 35 of which are provided 
with detailed solutions, composing thus its main subject, 
and 28 others are given in Sections 1.1 and 2.14, 2.3, 2.4 
as exercises for individual training. At the end of the 
‘book the reader will find the solutions to the given 
exercises. 

The solution of some difficult problems carried out indi- 
vidually will undoubtedly do the reader more good than 
the solution of a large number of simple ones. 

For this reason we strongly recommend the readers to 
perform their own solutions before referring to the solutions 
given by the author at the end of the book. However, one 
should not be disappointed if the obtained results differ 
from those of the patterns. The author considers it as 
a positive factor. 

When proving the inequalities aid solving the given 
problems, the author has used only the properties of inequa- 
lities and limits actually covered by the curriculum on 
mathematics in the secondary school. 


P. Korovkin. 


CHAPTER 1 
Inequalities 


The important role of inequalities is determined by their 
application in different fields of natural science and engi- — 
neering. The point is that the values of quantities defined 
from various practical problems (e.g. the distance to the 
Moon, its speed of rotation, etc.) may be found not exactly, 
but only approximately. If z is the found value of a quanti- 
ty, and Az is an error of its measurement, then the real 
value y satisfies the inequalities 


z—|Ar|<y<az+|Ar|. 


When solving practical problems, it is necessary to take 
into account all the errors of the measurements. Moreover, 
in accordance with the technical progress and the degree of 
complexity of the problem, it becomes necessary to improve 
the technique of measurement of quantities. Considerable 
errors of measurement become inadmissible in solving 
complicated engineering problems (i.e., landing the moon- 
car in a specified region of the Moon, landing spaceships 
on the Venus and so on). 


1.14. The Whole Part of a Number 


The whole (or integral) part of the number x (denoted by 
[ x ]) is understood to be the greatest integer not exceed- 
ing xz. It follows from this definition that [z] < z, since 
the integral part does not exceed zx. On the other hand, 
since [z] is the greatest integer, satisfying the latter ine- 
quality, then [7] + 1> 7c. | 

Thus, [xz] is the integer (whole number) defined by the 
inequalities 

[ry] Sz <[z] + 1. 


For example, from the inequalities 


3an<4, 5< <6, —2<—-V2<—1, 5=5<6 


it follows that 
17 ~~ 
InJ=3, [= ]=5, [-V2=—2, 5]= 


The ability to find the integral part of a quantity is an 
important factor in approximate calculations. If we have 
the skill to find an integral part of a quantity z, then taking 
[x] or [x] + 1 for an approximate value of the quantity z, 
we shall make an error whose quantity is not greater than 1, 
since 

0< x — [zx] < [x7] + 1 — [z] = 1, 


O< lz] +1—z¢< [x7] +1 — [2] = 1. 


Furthermore, the knowledge of the integral part of a quanti- 
ty permits to find its value with an accuracy up to — 


The quantity [x] + + may be taken for this value. 


Yet, it is important to note, that the ability to find the 
whole part of a number will permit to define this number 
and, with any degree of accuracy. Indeed, since 


[Nz] <N2<[N2]+1, 
then 
. Nz Nz 1 
StS ty: 


Thus, the number 


differs from the number x not more than by oy . With large 


N the error will be small. The integral part of a number is 
found in the following problems. 


Problem 1. Find the integral part of the number 


1 1 


Solution. Let us use the following inequalities 
1<1<1, 


07</P i<os, 
05</+t<06, 
05</ <5, 


4 
0O4< ve <0.5 
(which are obtained by extracting roots (evolution) with 
an‘accuracy to 0.1 in excess or deficiency). Combining them 
we get 
1+074+054+05+04<¢4#< 
<1+08-+4 06 + 0.5 + 0.5, 
that is, 3.1<2< 3.4, hence, [x] = 3. 
In this relation, it is necessary to note that the number 
3.25 differs from z not more than by 0.15. 
Problem 2. Find the integral part of the number 
1 1 1 1 
= 14+—~+——+— ++ ...+—_—_—-.. 
Pee V2 T V3 =a V4 aay V1 000 000 
Solution. This problem differs from the previous one 
only by the number of addends (in the first, there were only 
© addends, while in the second, 1000, 000 addends). This 
circumstance makes it practically impossible to get the 


solution by the former method. 
To solve this problem, let us investigate the sum 


1 1 1 1 
1 4-—— +—~-+— =4+...+—- 
Ta ta Vit a 
and prove that 
2Vn4+1-—-2Vn<— Vr <2Vn —2Vn—1. (1) 
Indeed, since 


1) rat On VV 


Vatit+ Va 


a. 
— Yntt+ Va 
? 


and 
Vn +1> V n, 
it follows that 


IV nt hn Wit VE 


Thereby proof has been made for the first part of the inequa- 
lity (1); its second part is proved in a similar way. 

Assuming in the inequalities (1) n = 2, 8, 4, ..., n, 
we get 


— — 4 — 
2V3—2V2<—_<2y2-2, 
V3—2V ve V 


i 2V5<s 5 = <2V3—2V2, 
2Va— 2Vicay Re <2VE-2V3, 


2Vnti-2Vn—<— VE <2Vn—2Vn—1. 
Adding these inequalities, we get 
2Vn+1—-2V2< 


1 1 
<= 4+ +H +. tee AV n—-2 
vet vata rere 
Adding 1 to all parts of the obtained inequalities, we 
find 


ss taal a 
4 4 
4 a ge en fase i 
= byt Vae0ywt +375 


Since 2 V2< 3, and Vn+ 4 >Vn, it follows from the 
inequalities (2) that 


Vn 


<2YVn—1. (2) 


1 1 
Vi coke 
= n— 3 
| tae ae <2 n—1. (3) 
19 


Using the inequalities (3) we can easily find the inte- 
gral part of the number 


1 >, ff 
ey 
aay V2 T 75 + V4 ate 1/1000 000 
Thus, taking in the inequalities (3) n=1000000, we get 
2V 1000000 —-2< 


abet qat se <2VY1000000 —1, 


Vik 000 000 
or 
| 1998 < y < 1999. 


Hence, [y] = 1998. 
From the inequalities (2) it follows that the number 
1998.6 differs from y not more than by 0.4. Thus, we have 


calculated the number y with an accuracy up to ET % = 


= 0.02%. The numbers 1998 and 1999 differ from the num- 
ber y not more than by unity, and the number 1998.5 differs 
not more than by 0.5. 
Now let us examine the next problem of somewhat diffe- 
rent pattern. 7 
Problem 3. Prove the inequality 


4 3 5 
t= F7'°T'6 °° 100 ~ T° 


Solution. Suppose 


Since 


1 2 3 4 D 6 99 100 
2 3h 2 5G 7 iq = 0r 
it follows that x<y and, consequently, 


fo pe 99 100. 1 
Y=F°3°E°5' C7 °°* 0 for ~ 401 
Finding the square root of both members of the inequalities 
yields 


<< < 0.1. 
ar 
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Exerctses 


1. Prove the — 
1 
4 = —— 


2. Prove the a 


1 
nee ago iam eo ART 
< 1,800.02. 
3. Find [50z], where 
1 1 1 
~ Vio Viooor 1 °° * 77r000,000 


Answer. [502] = 90,000. 


4. Prove the following inequality using the method of 
mathematical induction 


1.2. The Arithmetic Mean and the Geometric Mean 


If 71, x, ..., ZL, are positive numbers, then the numbers 


formed with them 
ry Fa 1. tly 


nr 


n nd 
=W 1422 eee In 


are called, respectively, the arithmetic mean and the geo- 
metric mean of the numbers 2,, %, ..., Zp. At the begin- 
ning of the last century, the French mathematician O. Cau- 
chy has established for these numbers the inequality 


§<S4, 


often used in solving problems. Before proving the inequali- 
ty we have to establish the validity of an auxiliary assertion 


12. 


a= 


Theorem 1. J} the product n of the positive numbers 2,, 
Lo, . ++, Lp is equal to 1, then the sum of these numbers is 
not less than n: 


Vito, bky. We SN Sy a ae oa See 


Proof. Use the method of mathematical induction?. First 
of all check up the validity of the theorem for n = 2, i.e.. 
show that 

C5 1S gS 


Solving the question, examine the two given cases separa- 
tely: 


(1) ty = <g = 1. | 
In this case z, + x, = 2, and the theorem is proved. 
(2) | Oe a = Ze, 


Here x, <1, and x, > 1, since their product is equal to 4, 
From the equation 


(1 — z,) (t, — 1) = 27, + 2%, — 442, —1 
it follows that 
ty + Ly = 2X, + 1+ (1 — X) (ey — 1). (4) 
The equation (4) has been established without limitations to 
the numbers z, and z,. Yet, taking into account, that 
LyXo = 1, we get 
t+ Lg = 2+ (1 — 2) (zt, — 1). 


At length, since z,<1< z,, then the last number is 
positive and z, + zx, > 2. Thus, for n = 2 the theorem is 
already proved. Notice, that the equation 


Ly + r= 2 
is realized only when z, = z,. But if 7, ~ 7., then 
Lee Los 2. 


Now, making use of the method of mathematical induc- 
tion, assume that the theorem is true forn = k, that is, sup- 


1 More detailed information concerning mathematical induction 
is published in the book by I. S. Sominsky “The Method of Mathemati 
cal Induction”, Nauka, Moscow, 1974. 


13 


pose the inequality 
ce ee ee a ee 

occurs, if 7,27,%,...2, = 1, and prove the theorem for 

=k 1, i.e. prove that 

ty+ ty t+ Xg+..- +2, + Say Sk +1, 
i 2 Pal ae xa tptyeg — 1, for 4) Oy ey 0,25 0, 
Lp > 0, 2e4, > 0. 
First of all, it is necessary to notice that if 
Gia beet = 4, 

then there may be two cases: 


(1) when all the multipliers 7,, 7., %3, . . ., Zp, Ly4 4 are 
equal, that is 


by hg SH hg Se Se = Mats 
(2) when not all multipliers are equal. 


In the first case every multiplier is equal to unity, and 
their sum equals & + 1, that is 


T+ ligt %e+..- + 2p 4+ Mati =k + 1. 


In the second case, among the multipliers of the product 
LyLo.. . LpLp41, there may be both numbers greater than 
unity and numbers less than unity (if all the multipliers 
were less than unity, then their product as well would be 
less than unity). 

For example, suppose z, << 1, and 2,4, > 1. We have 


(1)%p44) Tely... L, = 1. 
Assuming y,; = 212%;4 1, we get 
Yylolyg... Ly = 1. 
Since here the product k of positive numbers is equal to 


unity, then (according to the assumption) their sum is not 
less than k, that is 


Toe ee ee ee ea 
But 
Ly + Lo + Lg 4+... + Ly + Lat, = 
= (y,+ 2% + 243+... 4 4) + yy -—W+1S 
Sh + tpt, — Wy + %y = (A4+1)4+2n41 — yr + 2, — 1. 
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Remembering that y, = 1,2%,4, we get 
Ly t+ Lg + Lg t..- + LR + Lat S 
= (k + 1) + pti — Lyept41 + 2%, —-1 = 
= (k + 1) + (@a41 — 1) (1 — x). 
Since x, < 1, and z,4, > 1, then (z,4, — 1) (4 —2z,) > 0 
and, hence, 
Lytle t+ Lg t.-.- + Le + M1 S 
SCE) Og) O=-a) Seas 
Thus the theorem is proved. | 
Problem 1. Prove, that if 7}, z,, 43, ..., 2, are positive 
numbers then 
2 tt 
the equality being valid only when 
GST eT 
Solution. Since 


zy % Zn-1 Fn _ 
Zo 3 ° Lh wy 


then the inequality follows from Theorem 1, the sign of 
equality holds only when 


sas Bees ae Oe Fan net Cope | 
Lo x3 a £, x4 ; 
namely, when z, = % = %3 =... = Zp. 
Problem 2. Prove the inequality 
xz2+2 
sey) 
V2r2+1 


Solution. We have 


Vz2+i 8 Vx+1 T V2+i 
Since the product of addends in the right-hand member of the 
equality equals unity, then their sum is not less than 2. 
The sign of equality holds only for x = 0. 


Problem 3. Prove that for a> 1 
log a + log, 10 > 2. 
15 


Solution. Since log, 10-log a = 4, then 
log a + log, 10 = log a + ea 2 


Problem 4. Prove the inequality 


xz? 1 
1-24 Sz: 


Solution. Divide by x? the numerator and denominator 
of the left-hand member of the inequality: 


1 
4-24 ~ 1 ° 
rad 


1 


1 
ae 


1 


Since j=, then —=+ z?>2 and, hence, 
<7: 


Now let us prove the statement made at the beginning 
of the section. 

Theorem 2. The geometric mean of positive numbers is 
not greater than the arithmetic mean of the same numbers. 

If the numbers x1, X3, ..., L, are not all equal, then 
the geometric mean of these numbers is less than their arithmetic 
mean. 

Proof. From the equality g=y 12x, ... Zn it follows 
that 


Since the product n of the positive numbers equals 1, 
then (Theorem 1) their sum is not less than n, that is 


zr to ad 
Tce <os toe eee aT n. 
Paes aera sere 


Multiplying both members of the last inequality by g and 
dividing by n, we get 


Bitatetet in Sg, 


n 


a= 
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Notice, that the equality holds only when a= = 


& 
a=, that is 2,==-72=...--2,=g. But if the 
numbers 2, %,...,2%p are not equal, then 


a> g. 


Problem 5. From all parallelepipeds with the given sum 
of the three mutually perpendicular edges, find the parallele- 
piped having the greatest volume. 


Solution. Suppose m —a-+ b+ c is the sum of the 
edges and V = abe is the volume of the parallelepiped. 


Since 
= ios: b - 
WV =f abe cSt 4, 
then Ve. The sign of equality holds only when a= 


=b=c=, that is, when the parallelepiped is a cube. 
Problem 6. Prove the inequality 


nl (74! )", n>2, (5) 


Solution. Using Theorem 2, we get 


Via hee 
(nti)n n+ | 


2n ~ 2 
Raising to the nth power both parts of the last inequality, 
we get the inequality (5). 


Definition. The number 
{ 
aytay+...-a%,a@ 

oo (a eae 
is termed the mean power of numbers a,j, a, ..., @, of the 
order a. Particularly, the number 
a Q4-+ Ag+...4-ay 

A ee 

is the arithmetic mean of the numbers a,, a,, ..., @,, the 


number 
1 


c= ( He cota 


n 


2—0866 17 


is named the root-mean-square, and the number 


a ay 'tayi+...+azty7t ‘ 
-1= ( n _ are 1 
a4 ae 
is called the harmonic mean of the numbers a,, a,, ..., @n- 
Problem 7. Prove that if a,, a., ..., @, are positive 
numbers and a<0< 8, then 
CaS & Cg, (6) 


that is, the mean power with a negative exponent does not 
exceed the geometric mean, and the mean power with 
a positive exponent is not less than the geometric mean. 


Solution. From the fact, that the geometric mean of 


positive numbers does not exceed the arithmetic mean, 
we have 

a a a 

ay tag+... +7 


a a 
Y ataz...at< = 


Raising both parts of the last inequality to a power — and 


taking into consideration, that a O, we get 


: Ces 


| 
ee eee a a a We —_— 
Jone (| 


So the first part of the inequality (6) is proved; the second 
is proved in a similar way. 

e’ From the inequality (6) it follows, in particular, that 
the harmonic mean c_, does not exceed the arithmetic 
mean ¢). 


Problem 8. Prove that if @,, a, ..., @, are positive 
numbers, then 


1 1 1 
(dy -+ dg ... +n) Gruarraes Lee +>) zn. 
Solution. Since c_j}<g<c,, then 


n ra ce 


= C4. 


It follows from this inequality that 
4 1 1 
n?<(ay-+ae+... +n) (<-+—+-.-+7-)- 
18 


Problem 9. Prove the inequality 


WO 50-56 OS Oy Aas es & ay, (7) 
where a, > 0, Qs > 0, a | an > 0. 
Solution. Since the geometric mean does not exceed the 
arithmetic mean, then 


nr nr nr 
a ae Q,+a@y-+...+a, 
Aydg...An,= Cs s,s 


nN 
Multiplying both members of this inequality by n, we shall 
get the inequality (7). 
From the inequality (7) it follows, that 
2040g< ai +a3, 3a,a,a3<a;+ a? + a, 
40442030, <at-+ a}-+a3+ aj, 
that is, the doubled product of two positive numbers does not 


exceed the sum of their squares, the trebled product of three 
numbers does not exceed the sum of their cubes and so on. 


1.3. The Number e 


The number e plays an important role in mathematics. 
We shall come to its determination after carrying out the 


solution of a number of problems in which only Theorem 2 
is used. 


Problem 1. Prove that for any positive numbers a, b, 
(a = b) the inequality 
oY aD < ee 


is true. 
Solution. We have 


n 


b-+b b b 
n+ n — Mt a+6+6-+...+4+ a--n 
/ avr y abb...b aa net? 


n 


and that suits the requirement. 


Problem 2. Prove that with the increase of the number 
n the quantities 


= (1 +—)" and tn=(1—-—)" 


2* 19 


increase, i.e. 
1 \n+1 
£ Lnyi = | 1 -+-+- —— 
reo n+i ( {+ n+1 ) ? 


Zn <C2n44 = (1 = wa jen 


Solution. Setting in the inequality of the previous prob- 
lem a=1, bat, we get 


1-+-n — 
“Y/1(14+-—L De —- e< asia lins)s ) — = Piatt aT: 


Raising both parts of the inequality to the (n+ 1)th power, 
we shall obtain 


4 n+1 , 
(4 +-.)" Bod +ac7) A that is In < pny. 
The second inequality is proved in a similar way. 
Problem 3. Prove that 
4 
=| Schge 


decreases with the increase of the ee n, that is 


ja 


Yn > Yast = (4 fe i eae 
Solution. We have 
yaa (1+) = (48 ——— 
(<tr) 
1 1 
(1- +1 le pee 
n 


(see designations of Problem 2). Since z, increases with 
the increase of the number n, then y, decreases. 
In Problems 2 and 3 we have proved that 


=(144)'=2<00 (144) 
See eee ee ne, 
w=(1 +5) =4>m= 
=(4 +4) =3.375 >>... >yn> get 


20 


On the other hand, 


2=24<a,=(1 +—)"< (1 +7)" 


= Yn << yy = 4. 


Thus, the variable z, satisfies two conditions: 
(1) x, monotonically increases together with the increase 
of the number 7; 7 

(2) x, is a limited quantity, 2< z, < 4. 

It is known, that monotonically increasing and restricted 
variable has a limit. Hence, there exists a limit of the 
variable quantity z,. This limit is marked by the letter e, 
that is, 

e= limz,= lim (1 +—)". 
N-> OO N-> Co . 
As the quantity z, increases reaching its limit, then z,, is 
smaller than its limit, that is 


tm =(1+—)"<e. (3) 


It is not difficult to check that e< 3. Indeed, if the num- 
ber n is high, then 


tn <Yn<Ys= (1 +s) — 2.985984. 


Hence, 
e = lima, < 2.985984 < 3. 


n-—>oco 


In mathematics, the number e together with the number x 
is of great significance. It is used, for instance, as the base 
of logarithms, known as natural logarithms. The logarithm 
of the number JN at the base e is symbolically denoted by 
In N (reads: logarithm natural JV). 

It is common knowledge that the numbers e and a are 
irrational. Each of them is calculated with an accuracy of 
up to 808 signs after the decimal point, and 


é = 2.7182818285490.... 


Now, let us show that the limit of the variable y,, also 
equals e. Indeed, 


lim yn = lim (1 +7) = lim (1 +)" (1 +=) te 


Since y, diminishes coming close to the number e (Pro- 
blem 2), then 


(4 ie — (9) 

Problem 4. Prove the inequality 
n> (2) 0 
Solution. We shall prove the inequality (10) using the 


method of mathematical induction. The inequality is easily 
checked for n = 1. Actually, 


1\1 
i!=1>(—). 
Assume, that the inequality (10) is true for n=k, that is 
k \k 
M>(z)- 


Multiplying both members of the last inequality by k+ 1, 
we get 


k \k k+-1 \k+1 
(k41)M=(k+ 1)! >(2)" +1) =( + a . 
(1+) 
Since, according to the inequality (8) (4 -- =)'<e, then 


(k-+ Al (SAY ea (ty, 


e e e 


that is the inequality (9) is proved for n = k-+ 1. Thus 
the inequality (9) is proved to be true for all values of n. 
Since e< 3, it follows from the inequality (9) that 


n\n 
n> (+)’. 
By means of the last inequality, it is easy to prove that 
300! >> 100°. 
Indeed, setting in it nm = 300, we get 
300! > (4+) °"" = 100%, 
22 


The inequality 
1 
ni<e (—=)" 
is proved completely the same way as it is done with the 
inequality of Problem 4. 


1.4. The Bernoulli Inequality 


In this section, making use of Theorem 2 we shall prove 
the Bernoulli inequality which is of individual interest 
and is often used in solving problems. 


Theorem 3. If x>—i1and0<a< 1, then 


(4t2r)¢ <14 az. (14) 
However if a< 0 or a> 1, then 
A beat 14 ae. (12) 


The sign of equality in (11) and (412) holds only when « = 0. 

Proof. Suppose that @ is a rational number, bearing in 
mind that O<xa< 1. Let a = ~, where m and n are 
positive integers, 1 < m<_n. Since according to the condi- 
tion, 1 +2 >0, then 


(1+a)j@=(1+2)" = (14+ 2)" 1 = 
=~ (1+2)(i+2)...0f2)1-1...7< 


ween ee 
am n-m 
(lt) ae ee) ape re (ae) ae ee Ape ed 
Se 
— m(l+2)+n—-m ontms ms 
= et =41+ — r= 1+ ar. 


The sign of equality occurs only when all multipliers stand- 
ing under the root sign are identical, i.e., when 1 + xz = 1, 
x-=0Q. But if c~ 0, then 


(4+ 2)*< 1 + az. 


Thus, we have proved the first part of the theorem conside- 
ring the case, when @ is a rational number. 


23 


Assume now, that @ is an irrational number, 0< a< 1. 
Let r,, Te, -- +) Tn... be the sequence of rational numbers, 
having for a limit the number a. Bear in mind that 0< 
<r, < 1. From the inequalities 


CL Se py ee che. Pa, a I ee DD: 


already proved by us for the case when the exponent is 
a rational number, it follows that 


(1 +- 1)% = bee me tarjn< < lim (1 -Tnt)=1+ az. 
Thus the oe (11) is proved for irrational values of a 


as well. What we still have to prove is that for irrational 
values of a when 7+ 0 and Ox a< 1 


(4+ x)%*< 1+ az, 


i.e., that when x ~ O in (11), the sign 6f equality does not 
hold. For this reason, take a rational number r such that 
a<r< 1. Obviously, we have 


a 


(1+ 2)*=[(14+2)"]" 
Since 0<t< 1, then as it has already been proved 


a 
r 


(1-- 2)? <1+—z. 


Hence, 
payee (14% 2)" 
If <~ 0, then (1+= r) <1+r—2=1+az, that is 
(1+2)* <1 +- az. 


Thus the first part of the theorem is proved completely. 
Now, move on to proving the second part of the theorem. 
If 1+ ax< 0, then the inequality (12) is obvious, since 

its left part is not negative, and its right part is negative. 
If 1 + ax >0, ax > —1, then let us consider both 

cases separately. 
Suppose a > 1; then by virtue of the first part of the 
theorem proved above we have 
1 


(1+ an)? <14+—o0= 1+. 
24 


Here the sign of equality holds only when z = O. Raising 
both parts of the last inequality to the power a we get 


1-+ axr< (4 -+ x). 

Now let us suppose a < 0. If 1 + ax < 0, then the ine- 
quality (12) is obvious. But if 1 + ax > 0, then select the 
positive integer n, so that the inequality — <1 would 
be valid. By virtue of the first part of the theorem we get 


a 
(1-2) *<1—Sa, 


a 
(142)">———>1+42 


1{—— 7 
n 


2 
(the latter inequality is true, since 1 >1— <2) . Raising 
both parts of the latter inequality to the nth power we get 


(1+2)*>(4 $e z\">1+n22=1+a2. 


Notice, that the equality is possible only when z = 0. 
Thus, the theorem is proved completely. 
Problem 1. Prove, that if 0 > a> —1, then 
(ney ta Ot ner tan 1)" 
at4 pe ae at 4 


Solution. Since O<a+1<<1, then according to the 
inequality (11) we have 


(13) 


(14+) 14" 


(1-—)* 1-4. 


7 


Multiplying these inequalities by n*+!, we obtain 
(n+ 1)%+1 = n%+14 (a+ 1) n%, 
(n— 1)%+1—<— net! —(a+1) n%. 
The inequalities (13) easily follow from these inequa- 
lities. 
20 


Problem 2. Prove, that if O>a>—1, then 
(n+1)*+! met! 


a+t41 
Ati 7 yya+4 
<m* (m+ 4)... $re< P44) 
Solution. Setting in the inequalities (13)n=m, 
m+1,...,n, we get 
(m+1)!+%_ m!t@ mi +%__(m —41)!+% 
4ta = 1ta : 
(m+.2)!+%_(m+1)'*¢ 
1ta 


(m+3)'+%—(m +2)'*% | 
Sa: C= Se Ua Fa 


Adding these inequalities we shall get the inequality (14). 
Problem 3. Find the integral part of the number 
1 1 1 1 
t= aE TE + + 7500000 
Solution. Setting in the inequality (14) m=4, n= 


= 1,000,000, a= —-—, we get 
2 2 2 2 
4,000,001 ? —4 8 4,000,000 2 —32 
at > —_ 
2 <a 
3 3 
that is 


Z 2 Z 2 
+. 1,000,004 § —+ 45 <2<+- 1,000,000 —+.33 
Since 

Zz 2 


3. 1,000,001 * > 2. 1,000,000 * =>. 10,000 =: 15,000, 


33/7R _3/ 33/q— 33/% 
+7 B= 4<4, V9>sV 8=3, 
then 
15,000 —4 << x < 15,000— 3, that is 14,996< x4< 14,997. 
From these inequalities it follows that [z] = 14,996. 
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1.5. The Mean Power of Numbers 


In Sec. 1.2 before Problem 7 we have already named the 
number 

1 

— ( ay +ag+...tar - 


n 


the mean power of order a of the positive numbers 4,, 
Ay, ..+, Ay. In the same problem, it has been proved, that 
Ca KS cg, Lax O=< B. 

Here, should be proved the validity of the inequality 
Ca <C¢g any time when a< 6B. In other words, the mean 


power of order a is monotonically increasing together 
with a. 


Theorem 4. If a,, @,, ..., @, are positive numbers and 
a< B, thencyg < cg, and cy = Cz, only whena; =a, =... 
ae 


Proof. For the case, when the numbers @ and Bf have 
different signs the theorem has been proved above (refer 
to Problem 7, Sec. 1.2 and the definition prior to it). Thus, 
we have to prove the theorem only for the case when a 
and B have the same signs. 

Assume, that 0< a< f, and let 


k=Cg = i 


( af +-ay+...+ar \* 
Dividing cg by k, we get 
Now, supposing 


ba(), da (B) or ea (2)", 


we obtain 


jp 


Bo B BY B 
(4 Haft. +ay 
ko n : 


(19) 
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Since 


4 
a 


(dt at dn y 


(Q(B 4 


\ n 


=F 
— 
R 
ee” 
R 
| 


1 
ey fells Sane 4 { 
k n 


then 
Peete FOn 1, dtd, +... tda=n. 
Suppose 
€p=]t14-7. dy j]1-bry, «2. dela 
From the equality d, + d, + ...+d, =n it follows that 
X,+4,+...-+2, = 0. 


On the basis of Theorem 3 (notice, that oS 1) we have 


B a 

df =(142)* pitt a, 

ay PB. g 
dy =(1 + %_)” >1+— a, (*) 
- Fas ee eae : Sock 4 fale Gis: WTO 


Adding these — we get 
aR 
dv +d +. aes pnt (apt a,t+.... +2) =n. (16) 


From the inequalities (15) and (16) it follows that 


a 
= >() Ps oS eee. 


rn 
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It is necessary to note that cz, = k = cg only when the 
signs of equality occur everywhere in (*), that is when 


Ly = Lo =... =x, = 0 (Theorem 3). In this case d, 
== hy Se se — 1 and, hence; @; == 45. = <<. =a, = 
=k. But if the numbers Q,, Go, ..+, 4, are not identical, 
then 

Cp > Co: 


Thus Theorem 4 is proved regarding the case when 0< 
<a< BB. 

Ifa<B<0,thenOd< Pe 1. Reasoning the same way 
as before, we get in (*) and (16) the opposite signs of ine- 
qualities. But since B < 0, then from the inequality 


BB B 
d d da, 
ca on 
n 
it follows that 
1 
a ee a ae 
CB d* -+-d* +... 1 a¢ | Bp 
cam n Zan aa 
that is 
Ca tk =Ce 


Thus, Theorem 4 is proved completely. 

Further on we shall name the geometric mean by mean 
power of the order zero, that is, we shall assume g = Cp. 

Notice, that Theorem 4 is eae in this case as well, 
since (see Problem 7, Sec. 1.2) cg <M g=Cy, if ax 0, 
and cg >g = Co, if B > 0. 

From the proved theorem it follows, in particular, that 


Cy~9RCgRQey Slo, 


i.e. the harmonic mean does not exceed the geometric mean, 
the geometric mean in its turn does not exceed the arithme- 
tic mean, while the arithmetic mean does not exceed the 
root-mean-square of positive numbers. For example, if 
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a, = 1, a, = 2, a, = 4, then 
a 3 12 
~ 3 1 { 1 
oe 
Cy =4/ O40g03 = j/ 1-2-4=2, 
eee eee 
= — z= 2.3 ..., 


3 
1 


e+ ahta} \2 eres Ce 
¢— (AS ) af tHE yi =2.6 oe 


and therefore 


C6 Se 6a Ge 2 Sey 2 Oe Sy Oh ee: 
Problem 1. Prove, that x? + y? + 2? > 12, if 
gtytz=6. 


Solution. Since the arithmetic mean does not exceed 
the root-mean-square, then 
1 
e+y+z x2 yor \ 2 
pe <g( ey), 
that is 


ey te >See 


2 
In our problem x? + y? + 2 >> = 12. The sign of equa- 
lity holds only when x = y = 2 = 2. 


Problem 2. Prove, that if z, y, 2 are positive numbers 
and 224 y? + 2? = 8, then 


x3 + y>+ 23> 16 i 
Solution. Since co<c3, then 


( se eat etre ye 


In our problem 


(Stee tie ae pre ) PSs ‘/t, 
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that is 


et y+ 2? >3 Sei 
Problem 3. Prove, that for positive numbers a, 4,, 
Az, .. +; Qn, the following inequalities are true 
(ay +g +... +an)* <n! (af +az+...+an), a>4, (17) 
(a, tag +... tan)’ > 
> n®-t(aftagt...+an), O<a<i1. (48) 
Solution. If a>1, then 


1 
G1 ge1  14g® @ 
on rn ) > a 


= C4. 
n 1 


The inequality (17) follows easily from this inequality. 
The inequality (18) is proved in exactly the same way. 
In aaa from the inequalities (17) and (18) it follows 
that 


(at y)*<27-* (a@+y%), a1, c>0, y>0, 
(at y)*>2%"* (a+ y*), OSa<i1, r>0, y>O. 


Problem 4. Prove, that if 2? + y? + 23 = 81, 
zx>0, y>0, z>0, then 


r+y+229. 
Solution. Since 
(te + y+ 2)? <3? (w + y®? 4+ 2) = 9-81 = 729 
(the inequality (17)), then —_ 
rty+tz2< W729 = 9. 
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CHAPTER 2 


Uses of Inequalities 


The use of inequalities in finding the greatest and the 
least function values and in calculating limits of some 
sequences will be examined in this chapter. Besides that, 
some important inequalities will be demonstrated here as 
well. 


2.1. The Greatest and the Least Function Values 


A great deal of practical problems come to various func- 
tions. For example, if z, y, z are the lengths of the edges 
of a box with a cover (a parallelepiped), then the area of 
the box surface is 


S = 2xry + 2yz + 222, 
aud its volume is 
= 2yZ. 


If the material from which the box is made is expensive, 
then, certainly, it is desirable, with the given volume of 
the box, to manufacture it with the least consumption of 
the material, i.e., so that the area of the box surface should 
be the least. We gave a simple example of a problem cunsi- 
dering the maximum and the minimum functions of a great 
number of variables. One may encounter similar problems 
very often and the most celebrated mathematicians always 
pay considerable attention to working out methods of their 
solution. 

Here, we shall solve a number of such problems, making 
use of the inequalities, studied in the first chapter!. First 
of all, we shall prove one theorem. 


1 Concerning the application of inequalities of the second degree 
to solving problems for finding the greatest and the least values see 
the book by I.P. Natanson “Simplest Problems for Calculating the 
Maximum and Minimum Values”, 2"4 edition, Gostekhizdat, Moscow, 
1952. 
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Theorem 5. Jf a>0, a>1, x>0, then the function 
1 


“1-a@ 
z*—azx takes the least value in the point x= (=) ‘ : 


equal to (1—a) i 


Proof. The theorem is proved very simply for the 
case when a= 2. Indeed, since 


9 a \2 a? 
“r°—axr=|(zr%—-=])] —— 
(«-3) -F. 


the function has the least value when z =>> 0, this 


2 
value being equal to —<. 


In case of arbitrary value of a > 1 the theorem is proved 
by using the inequality (12), demonstrated in Theorem 3. 
Since a > 1, then 

(1+ 2)*>1-+ az, zo —1, 
the equality holding only when z= 0. Assuming here, 
that 1+ z= y, we get 

yx>>ita(y—t), yrx—aysi—-a, yoo, 
the sign of equality holds only when y = 1. Multiplying 
both members of the latter inequality by c%, we get 
(cy)* — ac®-* (cy) >(1 — a) c% yod. 
Assuming 
1 


a a-1 
x=cy and ac#-!=a, c= (—) ‘ 


we get 
107 


x* —axr>(1—a) c*=(1— a) (=) _ ; 
1 
here the equality occurs only when x=c= (=) ae : 
Thus, the function 


x*— ar, a>i1, a>O, r~S0, 


0 
é ‘ a\ i-a@ 
takes the least value in the point += (=) , equal to 


a 


(1—a) (=) *“"'| The theorem is proved. 
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In particular, the function 22—dz(a—2) takes the 
1 
least value in the point z= (+) =>, equal to 
2 | 
a\ 2-1 a2 . a : 
(1 — 2) (+) coal el This result is in accordance with 


the conclusion, obtained earlier by a different method. The 
function z?—27z takes the least value in the point 
1 , 3 


r= ( all PF 3, equal to (1—3) (2)e* = — 54. 


Note. Let us mark for the following, that the function 
ax — 2% = —(r% — az), 


where a > 1, a > 0, x > 0, takes the 
greatest value in the point 


equal to 


@—9 (a) 


Problem 1. It is required to saw out a beam of the grea- 
test durability from a round log (the durability of the beam 
is directly proportional to the product of the width of the 
beam by the square of its height). 

Solution. Suppose AB =z is the width of the beam, 
BC = y is its height and AC = d is the diameter of the log 
(Fig. 1). Denoting the durability of the beam by P, we get 


P = kay? = ka (d? — x”) = k (dx — 2°). 


The function dx — x? takes the greatest value when 


Fig. 4 


va 


Thus, the beam may have the highest (greatest) durability 
if the ne - its height to its width will be equal to V2 


w14= 
| chine 2. Find the greatest value of the function 


= sin & sin 22. 


Solution. Since sin 2x = 2 sin x cos z, then sin z sin 27= 
= 2cosz sin? x = 2 cosz (1 — cos? z) = 2(z — 2°), where 
z =_cosz and, hence, —1 << z< 1. The function z — 22 = 

2(4- — 2”) takes a hegative re when —1<2< (0, 


. Fig. 2 


is equal to 0 when z = O and takes a-positive value when 
O<2z< 1. Therefore, the greatest value of the function 
is gained in the interval O<z<1. 

It is shown in Theorem 5 that the function z — 2°, z >0, 
takes the greatest value in the point 

a ; | 
ee g-T A 
an x) V3" 
In this point — | 

2 ae | 4 

sin x sin 22 = 22 (4 — 22) = —— (1—+ =—. 
( Um y3z\. 3 ) 3 V3 

So, the funetion y = sin z sin 2x takes the greatest value 
in those points, where 2 = cosz = =e and this value is 


Vi 
equal to sae OT. The graph of the function y= 


= sin x sin 2x is shown in Fig. 2. 
Problem..3. Find the greatest value of the function 
_ = coszcos2r,  — 
3* 35. 


Solution. The function y = ¢os x cos 2x does not exceed 
1, since each of the cofactors cos x and cos 2z does not 
exceed 1. But in the points z = 0, +2n, +4n, 


cos x cos 2r = 1. 
Thus, the function y = cos x cos 2x takes the greatest value 


of 1 in the points x = 0, +2n, +4n, .... The graph of 
the function y = cos x cos 2z is drawn in Fig. 38. 


Fig. 3 


Problem 4. Find the least value of the function 
z® -+- az, 
where a>0, a<0,2742>0. 
Solution. Since a < 0, then according to the waeawale 
ty (12) 
(1 + z)* >1+4 az, 


and the sign of equality holds only when z = 0. Assuming 
1+z2=y, z=y—1, we get 


*2>1l+aty—1), yoo, 


the sign of equality occurring only when y = 1. From the last 
inequality it follows, that 


y* — ay >1—a, (cy)* — ac%-* (cy) > (1 — a) c%. 


Assuming a = —ac®-!, xr = cy, we get 


x* + axr> (4a) @=(1—2) (—. 


the equality holding only when r= c= ( : es ; 
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Thus, the function z*-+-az takes the least value in the 
point 


a a—1 
L = ~) 9 


eo. 
equal to (1—a) ( — ea , 
For example, the function 


1 
ea + AE op xr>0, 


takes the least value in the point 
_ f 27 ata 
ei) 
3 


(4)(Z) 


Problem 5. Find the optimum dimensions of a cylin- 
drical tin having a bottom and a cover (dimensions of a 
vessel are considered to be the most profitable, if for a given 
volume the least amount of material is required for its 
manufacture, that is, the vessel has the least surface 
area). 

Solution. Let V = mr*h be the volume of the vessel, 
where r is the radius, h is the height of the cylinder. The 
total surface area of the cylinder is 


| S = 2nr? + 2urh. 
Since a , then 
ur 


This value equals 


S = 2nr?-- Qe = Onur? + SE 


Assuming z= + , we get 
S = 2na®+ Wax 2m (a ?-+-— ). 
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The -function ret 2, according to the solution of the 
previous problem, takes the least value when 


1 
_(V_y\-2=1 V On 
—— ( 2m _ Vv 
rs back to our previous designations, we find 


ay = 2m (fs JV Ur2h oh 
—= —_—— | eed 
V’ On oi? 27 


h = 2r =d. 


Thus, the vessel has the most profitable dimensions, if the 
height and diameter of the vessel are equal. 


Exercises 


6. Find the greatest value of the function x (6 — x)? 
when 0<2x< 6. 
Indication. Suppose y = 6 — xz. 


7. From a square sheet whose side is equal to 2a it is 
required to make a box without a cover by cutting out a 
square at each vertex and then bending the obtained edges, 


Fig. 4 


so that the box would be produced with the greatest volume 
(Fig. 4). What should the length of the side of the out: -out 
squares be? 
8. Find the least value of the function 
a x’. Br" + 9, 
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9. Find the least value of the function 
| £8 — Bx? + 5. 
10. Find the greatest value of the function 
 2%*—axr when 0O<a<i1, a>QO, x > 0. 


11. Prove that, when z >0O, the following inequality 
is true | 


2 roe an. | | 
12. Prove that, when n > 3, the following inequality is 


true 
Yr> “n+l. 
Indication. Make use of the inequality (8). 
13. Find the greatest of the numbers 


he V8 A, OO, cask Maciote i 
14. Prove the inequality 
Vndltae. 
15. Prove the inequality 
(1+ 4) (+4)... +4) > 
a 1+ a, 4+ a, +... + an, 


if the numbers a; are of the same sign and are not less 
than —1. 


16. Prove the inequality 
(a,b, + agbp +... 4+ nbn)? < | | 
< (ap + apt... + 4%) (bE + b+... + d;). (19) 
Indication. First prove, that the polynomial 
(a,x — b,)° ae (a,x 5 be)” Hee ee (Ax = b,)? ae 
= 2? (ap + 43+... + an) — 
— 27 (a,b, + a,b, +... + a,b,) + 
CDA DE A acai 08) 
cannot have two different real roots. 
17. Using the inequality (19), prove, that the arithmetic 
mean is not greater than the root-mean-square. 
a9 


18. Prove the inequality 


eg ee 14—Vn—1. 
ate 
19. Using the inequality of Exercise 18, prove the inequa- 
lity 
== = a 1 { 1 
1 —V2>1+—~-+—-+...+—. 
VatitVn—-Vi>it+oetiet...ta 


20. Find the greatest value of the functions 


3 
ena 9 2 — 0.621, 


Answer. ag 0.4. 
4y1 


21. At what value of a is the least value of the function 
Viz+—> equal to 2.5? 


Answer. a = 8. 


2.2. The Holder Inequality 


In Theorem 7, by means of Theorems 5 and 6, the Holder 
inequality is proved. This inequality will find application 
in solving problems. 


Theorem 6. Jf p>1, S+5=1, z>0, y>0, then 


xP yf 


Proof. By virtue of Theorem 5, ifa<1,a>0,7>0, 


then 
bee 
—4{ 
x*—ax>(1—a)—" 
Assuming in this inequality that a= p, a=py, we get 


Pp 


x” — (py) x>(1—p) (24) =p) pent, (21) 


; 1 1 
e —-+— =—1, th 
Sinc ea ee en 


1 1 p—1 Pp 
ee, eee ’ — >_> 4 —_{=— 
q Pp OP p—1 : 


i, 
| 
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Putting these values into the inequality (21), we get 
x? — pye > —-Ly!. 


Dividing all the members of the latter inequality by p and 
transposing the negative members to the opposite side, we 
get the inequality (20). 


Theorem 7. If a,, @,, ..., GQ, 01, bg, ..., 0, are posi- 
tive numbers, and p and q satisfy the conditions of Theorem 6, 
then 


a,b, + Ande + eee + anbn< Fi 
re 


{ 
<(aftak+...+an)? (bf +03+...+02)%. (22) 
Proof. Suppose 
attap+t...tah=A?, 07+038+...+0%=B%. 
Then the right member of the inequality (22) will be equal to 
1 1 
(A?) ” (BY)? —AB. 
Now suppose 
Q,==Acy, dg= Aco, ..-, An =Aln, 


b,=Bd,, b,=: Bd, ...;bn+ Bdn. 
Since 


AP =attag+...tan= 
= APci + APco+...+APcn= AP (ci +ch+...4 ch), 

then 

Chr aaapen =f, 
In a similar way, it is checked that 

dj+d+...+d,=1. 
Now uSing the inequality (20), we get 

cP ad? 
ayby = AB (,d;) <AB(—-+—) , 


Pp a4, 
Aeb,< AB (++) ’ (*) 
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From these inequalities it follows, that 
a,b, =e Ab, a5 vt ae Anbn< 


pee if 4 + at 
ng eee ge i 


(let us recall that 
1 1 
rial che CPSC) eae see dy 


A+A+...4d=1), 


Thus, it is proved that the left-hand member of the inequa- 
lity (22) does not exceed AB, that is, does not exceed the 
right-hand member. 

It is not. difficult to mark the case when the sign of equali- 
ty is valid in (22). Indeed, the sien of equality holds in (21) 
only when 

1 
py\P-t_ oS 
= (<2) Stag aay 
(refer to Theorem 6). Just in the same way, the equality 
sign will be valid in each line of (*) only when 


i.e., when 
PA, €=d, ..., =a, 
Finally, multiplying these equalities by A’B’, we get 
B% (Ac)? = A” (Bd,)?, that is, B%a;—= A”D}, 
a’ _ AP ab = AP a? _ AP 


Bt? Os Br 


Thus, in (22) the sign of equality is valid if 


p p p 
cc. es 
q waft” Bq 
Of os OF 


Note. Taking in the inequality (22) p = 2, q = 2, we get 
the inequality (19) (refer to Exercise 16): 


4b, + a,b, + es + dnbn< 
<V@tap.. 


+ an) (Bj + 02+... + On). 


2.3. The Use of Inequalities for Calculation of Limits - 


In the following problems, the limits of quite complicated 
sequences are calculated by means of previously proved 
inequalities. 


Problem 1. a the inequality 


mirc (148) <4, 29 


In (1+—) denotes the logarithm from. (1+—) with 
base e (see pp. 24-22). 
Solution. Combining the inequalities (8) and (9), we get 
1 = 4 \n+1 
(145) <e<(tt+s)" 


Finding the logarithm of these haces with base e, 
we finally get 


i Ty eee t a 
HT <in(1+5) <=. 
Problem 2. Assuming 


1 
4z=—14+5, 5 a 


1 1 1 1 1 
a 5 Ee he ee 
1 4 1 1 
a ag ene qe © EO Ope 


find limz,. 


NM—+> oo 


Solution. Substituting n—1 for n in the first member of 
the inequality (23), we get 
4 1 n° 
4g 


From this inequality and the second member of the inequality 
(23) it follows that 


In at <— > < In — 


a (24) 


Now, using the inequality a we write the inequa- 
lities 


n+14 1 
| n <7<! 1” 
n-+2 1 n+1 
In n+1 < n+414 <ln : 
n+3 1 n+2 
In n-+2 < n+2 <In n+1° 
2n+1 1 an 
In 2n <3, <in 2n—1~ 


Adding them and taking into consideration that the sum 
of logarithms is equal to the logarithm of the product, 
we get 

(n+ 1) (n+ 2) (n+)... (2n-+1) 
In n(n-+-1)(n+2)...2n aos ~+ La 3 


1 n(n-+1)(n+ 2)... 2n 
on! (n—1)n(n+1)... (2n—1) ’ 


that is 
an-+1 1 1 
ee oe a, <n —- (25) 
Since | 
an-+1 1 
ee es then 
lim In2"4 — lim In (24+— )=In2. 
Exactly in the same way from — — +) it fol- 
lows, that 
lim In an =In2. 
n> 0o n—t4 


Thus, the extreme terms of the inequalities (25) have the 
same limits. Hence, the mean term has also the same 
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limit, that is 


lim (—+ : eed +p) = lim z, =In2. 


N— oo n-+1 N— co 


Problem 3. Taking x, = 1, t=1—4, i= ee sicg 


1.4 4,4 4 4 
Sk ae a ee es ee ee 
calculate lim zp. 

lN— oo 


Solution. We have 


4 4 4 4 4 4 4 
ta Tg gh eg og = ag 


“(t4gtgtatstets taottE)— 

-2(f444$+. +f) 
—(t+9t+gt+atetet--t+aortE)— 
—(145+5+-.-4+2)=sp tat te 
In the previous problem, we have supposed that 


1 1 1 
n= BRET tt Tn 


Therefore, Zep, =th——. But lim z,=IJn2 (refer to the 


noo 

previous problem). Thus, 
lim 2%, = lim (2, ~-- —) = In 2. 
N—+ oo nN—+ oo n 


It is necessary to note also, that 2en44=Zen + 
hence, 


1 
reer , and, 


lim Zen44 = lim Ez bare) —In 2. 


N— oo 


Thus, 


lim z,,.== In 2: 


TlM— co 
Note. The numbers z, = a,, 2 =4,+ @,, 73 =a, + 
Ao + 3, ..+, Tp =A, +a, +...+a, are termed 
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partial sums of the series 
Q,ta,tagt...d@, +... 


The series is said to be convergent, if the sequence of its 
partial sums has a finite limit. In this case the number 
S = lim x, is called the sum of the series. 


nm—-0oo 


From Problem 3, it follows that the series 


4 
1—$+5- gtg-gtetuercmte 


converges and its sum equals ln 2. 
Problem 4. The series 


Ltebotobe ee bobo es 


is called harmonic series. Prove that the harmonic series 
diverges. 


Solution. According to the inequality (23) 
Ain Bt are 
Assuming n=1, 2, 3, ..., n, write n inequalities 


{>1n2 


Adding them, we get 
1,1 1 2-3-4... (m4) _ 
tatoo Shs In (n+ 1). 
It follows from this inequality that 


lim z, >lim In(n +1) =o 


N1— 0O 
hence, the harmonic series diverges. 
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Problem 5. Prove that the series 


1+o4+Gt..tatee (26) 


converges at any a>1. 
‘Solution. The sequence of partial sums of this series 
2 t. 


| 
te=Itses 

1 1 
oe a ea ara 


1 1 
ys ae aor ro 


is monotonically increasing, that is 
Ua hg i i Os es | 
On the other hand, it is known that monotonically in- 
creasing limited sequence of. numbers has a finite limit. 
Therefore, if we prove that the sequence of numbers z, is. 
limited, then the convergence of the series (26) will be proved. 
as well. Suppose 
1 q:-a- ‘Al 1 1 
Ut raat ag ea ee vee 
1 4 
a (2n—1)* — (2n)\* © 
Since 
1 1 1 


vm='—(Se—-ae)—-(Ge-¥e)- 


ee eee ren ee ee ee 
=r. ae (2n)%’ 
then (the numbers in each bracket are positive) 


Yon < 1. 
On the other hand, 


ee a ae TS eee ee 
Yon=! ge T 3a ye | 5a get Ton pe (2n)% 
1 1 1,1 1 4 1 
=(ltortgetget get get teapetae)— 
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(2n—1)% — (2n)* 


2 1 1 1 
ge Pgh ere 
Since x ye ene + then 
ee gm 30 Tees n&’ 
2 
Yan = Yan —~ oq n 

Now, since Zen > Ln, Yon<c1, then 

2 ee, 

1 > Yan > fn — og tn = 90 In 


Hence, it follows that 
In< 


9@ 
ge 9? 
that is, the numbers z, are limited when a>1. Thus, 
it is proved that the series (26) converges and its sum is 


not greater than 3 


For example, if a=2, then 
1 1 1 22 
ty =Atstart:++-+a<poy =: 
: 1 1 1 
S=limt,=ttotat +++ tyt++ <4 


In the course of higher mathematics it is proved that 


Sattataote. tot. =F. (27) 


Kaeercises 


22. Find the sum of the series 
4 1 4 oe aa | 
SS t=—, fae oe ee) epee ° 


Indication. Use the equality (27). 
2 
Answer. S==. 
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23. Prove the inequalities 


a+! i 4yeri 
ae Sak... et ee. ass. 


24. Assuming 
typ i +2? 3"4+ 2. +H", 
prove that 
gn 


; 4 
lim [orl gcd? a>0. 


eee 
29. Prove the inequality 

(a 4b4C4 + Agbolg +... + Anbdntn P< 
KG att... +a) ++... FO) (S+o+... +8), 
if a;, by, Cy are positive numbers. | 

Indication. Use the inequality (7) and the method 
given in (22). 

26. Assuming m=startart sae +o, whe- 
re k is a positive integral number, prove that 

lim zn = Ink. 


nN—+ co 


Indication. Use the method of solving Problem 2 of the 
present section. 


2.4. The Use of Inequalities 
for Approximate Calculation of Quantities 


At the very beginning of Chapter 1, we have paid attention 
to the fact that practical problems require, as a rule, an 
approximate calculation of quantities and, as well, an abili- 
ty to treat. such approximately calculated quantities. 
A more accurate estimation of such quantities will certainly 
permit to decrease errors in solving problems. 

In the present section, we are going to return to an appro- 
ximate calculation of numbers of the form 


1 1 1 
n = es ee eee ~— 9 0 9 ° 
Sarma tate tee te OSadt, ken 
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In Sec. 1.1 we have succeeded in finding the number Sp, z 
with an accuracy of up to 0.4 for k = 1, n = 1,000,000 


and a = + (refer to Problem 2). In the same section (see 


Exercises 2 and 3), for n = 10® and k = 10,000, we were 
able to find the number S,,, already with an accuracy of 
up to 0.01. The comparison of these two examples shows, 
that the indicated method of their solution yields much 
better results of calculation for greater values of k. 

In Sec. 1.4 (Problem 3) we found the integral part of the 


number Sp,x for k = 4, n = 10° and a =~. Thus, this 


number was also calculated with an accuracy of up to 0.0. 
However, we could not find the integral part of the number 


Sy,, fora = - and n = 10® because the method of calcu- 


lation of such quantities, indicated in Chapter 1, did not 
permit doing it. In this section, we shall improve the method 
of calculation of the quantity S,,,. This improvement will 
make it possible to find similar quantities with a higher 
degree of accuracy quite easily. 


Lemma 1. /f 2, > 2%, >2%3>>...>2p, then 
Oc A= 2,—2%,+4,—UXe+...4+ (—1)t 2, <4. 

Proof. The number of positive terms in the written 
algebraic sum is not less than the number of negative terms. 
Besides this, the preceding positive terms are greater than 
the following negative term. This proves that their algebraic 
sum is positive, A > 0. On the other hand, since 

A= my — @,— 2, +2°—... + (1%) 

and the quantity in brackets is positive too, then A < 7}. 
Thus, the lemma is proved. 


Lemma 2. /f 0<a< 1, then the following inequalities 
are true 


(ny % =H)? 4 1 
ae = (n-+-1)% me (n + 2)% aoe 
4 Qn ta 
oy Gee eg Ae 


Proof. The inequality (28) follows from the inequality (14) 
(see Sec. 1.4, Problem 2) when substituting n + 1 for m, 
2n for n and —a for a. 
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Theorem 8. True is the equality 


1 
Sie ee eee 
2, 3 n 
Ne 1 1 it 
- 7 peor ae tart race 
Ne 1 1 1 
= a eee see : 29 
—|[!-atz ee (29) 
Proof. We have 
{ 1 1 { 
Pig vnt pe t ga FOU Gar peice 


1 1 1 1 
oT One -| (n+ 1)% ney: To Foe |. 


Adding and subtracting from the right-hand member of 
the equality the number 


Ce (2n)% 
we get 
aa ee ae a 
bad ea gar care 


1 1 1 
— | ———_ + —— + ... ; 
Fewer - is (m--2)" — - nF 
The numbers of the first square brackets have a common 
factor ace Taking it out of the brackets, we get 


1 1 1 
eer eee ee ee 
Snot 90 =e 30 (2n)* + 


th(tkt gt h)- 


1 1 a 
a emer a (n +-2)% meet (2n)% |: 


Since in round brackets there is the number S,,,4, then 
1 4 1 
me wpa Gay 


=(2—1)5,.=7* Ss, re 


gi 
Hence, after multiplying by 2% and dividing by 2 — 2%, 
we get the equality (29). 

The equality (29) is of interest because it brings the calcu- 
lation of the quantity S,,, to the oe of the quanti- 
ty Son, nti and' the quantity 1 — ata — see aon 
The first of these quantities for great n is calculated with 
a high degree of accuracy by means of the inequality (28). 
Concerning the second quantity, we know from Lemma 1, 


Qa 

that it is less than zero and greater than — ss But 
if we find the sum of the first four summands of the latter 
quantity, then the remaining quantity (the error) will be 
less than zero and greater than ——-———_. 

In the following problems we shall perform the calcula- 
tion of this quantity with a higher degree of accuracy as well. 

Problem 1. Find the sum 

1 1 1 
A=-1+—=-+-—~-+...+——=> 

accurate to 0.002. 

Solution. By virtue of Theorem 8 


ee oe eee 1 a of 
A=——Te (per tse tt pee) - 
a a Co 
“Oe Vi | VY2° V3 °° 2-406 
1 
=(V2+4) (tat +a) — 
= 1 1 
WED (Say ye) = 


o2 


where 
4 4 4 
7 eit  V/i08 2 a ea: 2-108 ’ 
= eee piel es 
Vi V3 7 2-106 * 


According to Lemma 2, the number B satisfies the inequa- 
lities 


2(V 2-105--1—Y 106+ 1) << B< 2(V 2-108—Y 10). 


The extreme numbers of the inequalities differ from each 
other by less than 3-10-*. Indeed, 


2 (Y 108+ 1—Y 10*) —2 (V 2-108 + 1—Y 2-108) = 
2 1 
V0 i+ 106 = V/2-108 14+ 2-108 V/1068 


Se ae ee ee hs i. 
V 2-106 V2 1,000 < 


Thus, the middle number will differ from the number B 
by less than 2-10-*. Calculating the first number and 
subtracting from it 2-10-*, we get 


B = 828.4269 + Ay, 
| A; |< 2-10-47. 


Now, proceed to calculating the number C. Let m be an 
odd number. Estimate the quantity 


Vn Vag © Vmp2 92° Yin’ 


For this reason, it is necessary to notice, that 


——- 2 
Jk { — k—1= To 7 
Var ye Vieti+ Vr—1 
and 
; 2 2 
aaa Vm—1 Vasa’ 


. y) Z a 
_ Vm+3+ Vm+1 Vim -|- 4 +- Vm+2 
o3 


— Vasey Vin Fi -Vin=1-Vin 24 


4+YVm+Vm+3—Vm+1—VYm+4+ 
+Y¥m+2+...—VY2n+-1+V 2n—1=Vm— 
so nee Ones on. 


Thus, the number £ is quite easily calculated. Subtracting 
the quantity D from the quantity E, we get 


B= DS |p ee) 


~(Gasve er) te 


2 1 
( V2an-1—VY2n—1  39V2n )- 
Demonstrate, that all the numbers in the brackets are posi- 
tive and monotenically decreasing. Indeed, 


a2 2 mm (Vm 1+ V1) 
Vintit Vat Vm Vm (Vn-i+Vm—1) 
2m —2 Vm2—1 


Vin (Vim+t+ Vm—1) (2 Vn +Vm-+-i+Vm—1) 


2 , 
Vin (VYm+1+ Vm—1) (2Vm + Vm+-i+ Vm—1) x © 
x (m+ Vm?— 1) 
Hence, it is proved, that such numbers are positive and 


monotonically decreasing with the increase of m. According 
to Lemma 1 


Om E—D< 


2 
a Pek Gare a Vimar) 00 Vii Var rec RO Veer 
ak Vas=a) 


We shall not make a great mistake, substituting m for the 

numbers m + 1 and m — 14 in the denominator. Here, we get 
2 ee | 

m-2 Vm-4 V m-2m 2 

8.m* 


Om E—-D< 


04 


Taking m=9 we get 


0< E—D< >; < 0.0006. 


| 8-81. 3 3 
This proves, that when m=9 and n= 108 
E—D= 0.0003 + A,, |A,|< 0.0003, 
D= E—0.0003 + A,=V9—YV 8+Y 2-108 — 
— 2.108 + 1— 0.0003 + A, =0.1710 4 Ay, 
Now let us return to the quantity C. We have 


1 1 41 41 1 a 
Cotta yatta 
1 1 1 41 
=!- Teta waits yt 
‘| _ 
+e apg t0.1710 + Ae 
a 


1 1 1 
r—yaltta)taatya— yet yt 
$0110 y= 5-242 4 V3, VS _ VE, VE 


40.1710 + Ao. 


Thus, for the calculation of the number C with an accuracy 
of up to 3-10-* it will be required to find only 5 roots and 
to produce a number of arithmetic operations. Using the 
tables and carrying out necessary calculations, we find 


C = 0.6035 - Ag. 


Taking into consideration the found quantities B and C, 
and returning to the quantity A, we get 


= (V2+ 1) (B—C) = (V2 + 1) (827.8226+A,;) = 
= (V2 + 1) -827.8226 + 2.5A,, 
where 
| 2.0A3 |< 2.5 (| Ay | -+ | Ag |) < 2.5-5-10-4§ < 2 -10-%. 


Thus, the calculation with an accuracy of up to 2-10-3 
will be 


= (V2 + 1) 827.8226 = 1998.539. 
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Problem 2. Calculate the number 


1 1 

A=1 + — oa a 

a 75 75 ae a? aE 
with an accuracy of up to unity. 
Solution. By virtue of Theorem 8 
V2 | ( 4 4 1 
~ 2-4/9 \47q0ma1 | 4/103 Te Ta y 2-108 

i 

— A (ina ety a ). 

2—y 2 V3 7/ 2-101 


The first term can be easily found and with a high degree 
of accuracy by means of the inequalities (28). By virtue of 
these inequalities the first term can he substituted by the 
number 


oo 
oo 


5 a 24 2) 4 
52 Geo UO = 410 (VW B—1) VE = 410) 
4 


By virtue of Lemma 1 the sum 


V2 (1 eee eect er - ~——_} 
ee) ¥2 ¥Y3  —"  ¥240R 
is positive and is not greater than the first term. Since the 
term is less than two, then 


410°—2<A < 4-108, 


The extreme numbers differ from each other by 2, and from 
the number A by less than 2. The middle number < 408 — 1 


differs from A by less than unity. Substituting this number, 
we get 


A = 1333333332.3 + A, |A|< 1. 


Notice that the accuracy of calculating the number A, con- 
taining a trillion of addends, is extremely high. The relative 
error is less than 


100 : 1333333332.3 < 0.0000001 %. 
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Exerctses 


27. Calculate (with an accuracy of up to unity) the sum 
1 1 { 
4 a = "a = ere a >-— e 


Answer. 14,999. 
28. Show that the equality 


4 4 1 ni —& 
1+ oat oa t og = —C+Bn 


a 


is true, where B, is an infinitely small quantity, lim B, = 0, 


N—> co 


and 
9% 
229% 


oe ee ee ee ee 
E a tae $e t(H1 e+... ]- 


C= 72 
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SOLUTIONS TO EXERCISES 


1. en in the inequalities (1) (p. 9n=~™m, 
m+ 1, n: 


Yo Oe Ve <2Vm—2V m—1, 
2Vm+2—-2Vm4+1i< <2Vm+1—2Ym, 


Va 
2V m+-322) ma2= — = = <2V m+ 2— 2Vm+1, 


2V nt 1—-2Vn< = <2Vn—2Yn—1. 
Van 
Adding these —, we ” 


2Vn+1-—-2Vmn=<—— 
Vn+1—2Vm 7 Tart + 
eee Pee 
- —2Vm—1. 
2. Taking in the inequalities of Saisie 1 m = 10,000, 
n = 1,000,000, we obtain 


1.000.001 — 10.000< ————— 
2Y 1,000,001 —2 Y 10,000< TRCN 
ee en ee eee ee 
VW10,001 = = Y°14,000,000 


<2Y 1,000,000 — 2 V 9,999. 
Since 


2V 1,000,004 > 2 VY 1,000,000 = 2,000, 2 VY 10,000 = 200, 
2V 9,999 = V 39,996 > 199.98 


(the last inequality can be easily checked, extracting the 
square root with an accuracy of up to 0.01), then 


,000 — 200 = 1,800 < —_+__ 
2,000 — 20 O< Vi0.000 
{ 1 
a eee = ge ee 
a V10,001 aa /7,000,000 ~~ 


< 2,000 — 199.98 = 1800.02. 
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3. Multiplying the inequalities of Exercise 2 by 50, we 
shall get in our designation 


90,000 < 50z < 90,001; 
hence 
[50z] = 90,000. 


4. For n = 1, it is obivous, that the inequality is true 
a a 
Tia 5s ae a a 
Assuming now that the inequality is true forn =k 


13 5 Qh+4 1 
ar a Ea SV rere (a) 


prove that it is true for n = k + 1, that is, prove that 


1 3 5 Qk—1 2k 1 b 
2k+-41 
an , we get 

1 3 5 2k—1 2k-+-2 1 2k 4 

204 6k BRAS 7 /7aR A | 2k 2° 
What is left is to prove the inequality 

1 _2k+ 1 1 
V3K1 2k+2 ~ 7/3R.4 * 

Multiplying it by (2k + 2) VY 3k + 1 V 3k + 4 and squaring 
both parts of the obtained inequality, we get 


(2k + 1)° (3k + 4) < (2k 4 2)? (2k + 4), 


2 4° 6°°* Qk  2k+2 


Multiplying the inequality (a) by 


or 
12k? + 28k? + 19k + 4 < 12k3 + 28h? + 20k + 4. 
The latter inequality is obvious, since k > 1. 
This proves that the inequality 
1.3 2n—1 1 
204 °°°  2n 773n 1 
is true for all n. 


o. Assuming in the inequality of Exercise 4 that n = 50, 
we get 


PR ae eee en ee ee nee 
2 4 °°" 100 ~ V350+14 VWibt ~ 144 9 12° 
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6. Assuming y = 6 — z, x = 6 — y, we shall bring the 
problem to finding the greatest value of the function 


(6—y)y’ = by — y 


when 0 < y < 6. Assuming then, that y? = z, we shall get 


the function 
3 


6z — 22, 
whose greatest value (refer to note on p. 34) is equal to 
| = 
3 BO N21 79 9 
(2-‘)(z)s ena = 32 
he a a 


The function 6y? — y® takes the greatest value in the 


point y = Vz = 4, and this value equals 32. 
The function z (6 — zx)? attains the greatest value of 32 
in the point z= 6—y =6—4 = 2. 


7. The volume of a box (see Fig. 4, p. 38) equals 
V =z (2a — 2x)? = 42 (a — zr)’, Ol tr <a. 


Assuming y = a@— az, y*? =z, we get 
3 
V = 4 (az — 22). 
3 
The greatest value of the function az — z* is obtained 
in the point 


Therefore, 
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Thus, the volume of a box will be the greatest, if the 
length of the side of the cut-out square is = that of the 


side of the given square. : 

8. The least value of the function r® + 82? + 5 equals 5 
and is obtained when x = 0. 

9. Assuming y = x”, we shall bring the problem to finding 
the least value of the function 

y> — 8y +5 

for positive values of y. 

In Theorem 5, we have proved that the least value of the 
finetion y? — 8y is equal to 


3 : 
8 \3-1 8° 32 [6 
(1—3) (=) =—2= as 
32 
The least value of the function y3—8y+5 is equal to 
- ave oa) ee 


10. Assuming y= 2% we get the function 


1 
1 = 1 
=a (— y—y*) , a>), ao 
By virtue of Theorem 5, the greatest value of the function 
1 
1 at 
—y—y*% is 


= 
_ i1-a ( ~\ er" 
m : 


a 


Multiplying the last quantity by a, we shall find the greatest 
1 


value of the function a (— y — y*) which is, hence, equal to 


1 
1 


das (Z)""=4-a(g) "= 
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11. The function {Wz —2z, r>0, a=+, a=2, has the 


4 
greatest value, equal to 


Therefore, for all z>0 the following inequality is true 
ee , or Vr< 5 4 2n. 
12. Write down the inequality (8) in the form of 
(=)" <e, (n+1)"<en". 
If n>3>e, then 
(n+1)"< en®"< 3n"<nn"=n""!, 
Raising both members of the latter inequality to the power of 
1 
n(n-- 1) » we get 
OT WA ey ah. 
13. Since 1< V2=\/8< //9 =\Y3, then j/3 is the 


greatest of the numbers 1, / 2, ;/ 3. On the other hand, 
in the previous problem we have shown that the sequence 


of the numbers ,;/3, /4, ..., yn, ... decreases. Hence, 
3 is _the greatest of the numbers 1, 2. cae sii 
satan Ue ies 


14. Suppose Wn=1+ap, A, >O0. Raising to a power 
of n we get 


r n 712 
n=({+a, n_| to)? | 


n 


Assuming that n>2, >i, taking Theorem 3 as the 
basis, we get 


(1+a,)% >1—+ an, n> (4 +5 Om) = 1+ nen +5 ak. 
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Hence, it follows that 


n>" ah, ans, tin <a Vn=tban<ttae. 


Note. Using Newton’s binomial, it is easy to check that 


Ya<t+y =. 


Indeed, 
(4+)/ =) an re pas Serb A it 
n(n—1) 2 _ 
gg 


Hence, it follows that . 
nf oe ae) 
15. When n = 1 and a, > —1, the inequality is obvious 


1+a,>1+4 a4. 


Let us assume, that the inequality is true for n = k, 
that is 


(4+ a,) (4 + a,)...(4 + a,) > 
Sistat+a,+... + ay. 


Multiplying both members of the inequality by (1 + a@,+,), 
we get 


(1 ++ a4) (1 + a)... (1 + a) 1 + aaa) S 
= (1G Gee 3 3 iy (Pa) = 
= 1+ ay+... + ay + Oye + A1Opty + 


+ GO Apty fee HF Ap Gps. 
Since the numbers a,, a@,, ..., @,, @n+, are of the same 
sign, then 
AyAnty + Agdaty +. + - + ApGn+, BO 


and, therefore, 

(1 + ay) (1 + a2)... (1 + ap) (1 + ane) 
ze i + ay Og4... + ay + Gadi, 

that is, the inequality is proved also forn = k + 1. 


\/ 
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This finally proves the inequality to be true 
(1 + a) (1 + 4,)...(1 4 a) > 
eit a, 4+ 42+... 4 ay 


for all n. 
16. If the polynomial (a,x — b,)? + (a,z4 — b,)? +... 
. + (a,x — b,)? has a true root x = 7,, that is 
(az, — by)? + (ax, — be)? +... + (4n%, — bn)’ = 0, 


then every number a,x, — 0b, a,4, — by, ..., AnX, — by, iS 
equal to zero, that is, 
@) = QL, — b, == Aydt, — b, —— «© © ee Ant, — b,, 
b b b 
y= = St = eee = —, 
a ao an 


Thus we proved that the polynomial 
(a,x — b,)? + (a,x — b,)? +... + (ant — b,)* = 
= 2? (aj +ay+...+ an) — 
— 2x (a,b, + a,b, +... + a,0,) + 
(Oe UF ees) 
cannot have two different true roots and, therefore, 
(a,b, + Agby +... + anbn)? — 
— (a+... +a) (Of +... + br) <0. 
From this follows the inequality (19) 
(a,b, + gb, +... + Anda)? < 
< (ai -+ ag... + ah) (0; + 02 +... + Bi). 
Notice, that the sign of equality holds only when the 
polynomial under consideration has a true root, i.e. when 
| a 44 an 
by bg bn 
17. Using the inequality (19), we get 
a ( a+ ag-+-... + an = 
n 


oO 


Cy 
=(a% ete tae 7) < 
<(fee +) (Le +t) 


2 


nr 
_ af -ag+...+a%, he 
<—- s  . -  ——s — =  e 2° 


n 
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Hence, it follows that c, << c, (the arithmetic mean does 
not exceed the root-mean-square). 


18. From the inequality 
(Vn+14+Vn—1)=n4142Vnr—-14+n—-1= 


—2n+2Vn?—1<2n+2) n2=4n 
it follows that 7 
Vn 4+1+Vn—1 <2Yn, 


1 1 
2Vn ~~ Vati+Va—i 
_ Vea Ve aes 
- (VanF1+ Va!) (Vn +1— Vat) | 2 
Multiplying by 2, we get 


VE se Vt n=, 


19. Setting in the inequality of Exercise 18n = 2,3, ..., Vn 
5 <V3-1, 
qa <VE-V2, 
Wi< V5—Y3, 
v5 <V5-V4, 
ag < Ver i-Vnai 

Combining the written inequalities, we get 
qataat: + bag <VnFt4+Vn—-V2—4, 


Adding 41 to both parts of the inequality, we finally get 
1 1 1 1 1 
4 fume ga Fas pee.’ —< jemn eee jp < 
togtagtaatyet tH 
<VYn+14+Vn-Y2. 
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Note. It was proved in Sec. 2.1 that 
1 1 1 2a a = 
4 en! ee at pent eee pee — e 
tag tat tae >2Vn+t 2V2+1 


The numbers Vn +1+Vn—Y2 and 2VYn+1— 
—2Y2-+ 1 differ from each other less than by 0.42. Each 
of these numbers could be taken for an approximate value 
of the sum 


1 1 1 
| es eee ee ore res ae 
tagtagt +. tae! 

Let us notice without proving, that the number Vn+i+ 
+ Yn—Y2 differs less from the number z,, than the 
number 2Vn +1—2YV2+ 1. 

20. The function = takes a negative value when 


x <0. Therefore, the greatest value of the function is 
obtained for positive values of z. 
Since 
23 1 


then the greatest value of the function is reached in the 
same point in which the function - x +. x takes the least 


value. It follows from Problem 4 Sec. 2.1 that the least 
value of this function is equal to 


-3 


2 
h 


= =9ot 
asa(Z) a(t) 
3 


(The greatest value of the function Ars equal to 


3 
4 _ 154 45 3 
3° 50 = 7 Va re Varta ° 
sani z 207/15 4715 
4-(75] | 
To find the greatest value of the function z7®°—0.6z7!°, we 
get y= 25. It is clear that y>O. The function 


y— 0.67 =0.6 (22 y—y®) 
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takes the greatest value (see the note on p. 34) equal to 
10 


, 10 \ 6 
0.621) (| =0.4. 
6 
Z1 A-suming in this exercise that y=—, we get 
= hen 
\! ae < =y *+ay. 
1 


The least value of the [unction y 4+-ay, as it follows 
from Problem 4 Sev. 2.1, is en to 


if 


1 
( + — 7) re (Aa)*., 
Assuming = 5 gs 2.5, we get 


ay = =-2, 4a=32, a=8. 
2. S=1-At eater cmt = 
Pescara ee ree 
2(wt+atat-:-)= 
(beet ete JH 
nore e: — 
z(ttatayt- 


(we have used the equality (27)). 
23. Since a>0, then a+1>>1 and, hence, 
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Multiplying these inequalities by n'!+%, we get 
(n+1)'t% > nite4 (1 +a) n, 
(n—1)'T* > n1+%—(4 +a) n®. 

From these inequalities it follows that 

ni tO. (n—4)* (ndsd)e ta Te 
1t+a ita 
Write these inequalities for the values n=1, 2, 3, ..., n: 
gita_ 4 


14ta ’ 
gita_91+@ 


1t+a < ita ? 


<ne< 


4 
ogee 


aoe them, we get 

(n+41)'F%—1 _ (n41)'t% 

ae ~~ Ake ge 
24. It follows from the inequalities of Exercise 25 that 


1+a 
(04) 


1+a 


The left-hand member of the latter inequalities is a constant 


Te a 14. 2% 4 84 . pnt 


4 Pe Noa enh Mae 


1+- a nit@ < 


number 


, and the right-hand member tends toa limit 


equal to 


im , when n tends to infinity. Hence, the mean 
member of the inequalities tends to the same limit as well, 
that is oe . | 
Lim ee 
2). Let us introduce the designations 
A’ = a3 +a2+...+45, 
B—b+03+...4+5%, 
es ee eee 
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W1—= Fo» t2= Ws ya S 
by b b 

Yi=FR Ya=zs ’ Yr = 
C4 Cc c 


os Goa a Zg= eee y 2 = 
On the basis of the inequalities (7) we have 
aybycey = ABC 2 y424 << ABC ee 


Agbelo = ABC XoYo2q< ABC a 9 
@nbnln = ABCIpYnBn < ABC ZALUAT AA | 


Adding the written inequalities we get 


404Cy + Agbolg + ... + Anbntn< 
ae ee ee a 
Abe (Hest teh, ab tah aa ta 


Taking into consideration the introduced designations, it is 
easy to calculate that 
a3 + a3 3 A8 
a4 a+... +93 = on en = =; = 1, 
yt+yt...+y¥=1, B+... +28 =1. 


Hence, 
adic, + dgbela +... + Onbnen < ABC = erdeae z+ x) = ABC. 


Raising both members of the inequality to a cube, we ey 
obtain 


(A404C, + Agbgcg +... + AnOntn)? < Sete = 


=(af+az+...+a5) (b+ 03+ ...4063) (c2+c84+ ...+¢%). 
26. Write down the inequalities (24) for different values of n 
ar n 
In ei < <n n—1°’ 
ae 1 n+1 
ae ae on 
kn--4 { kn 
In kn << k 1 
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Adding these inequalities, we get 


(n-+1)(n+2)... (kn+ 1) 1 1 
In n(n+1)...kn ores “aay a ee 


<In| —_. n°°° kn—1 


that is 
In 4" In (k+—)< 
<—+— +a5t es ee 
n (k+—=,). 


If n tends to infinity, then In (x +) tends to In & and 


In (x “p — tends to the same limit as well. Therefore, 
: 1 4 1 
yee (-+sa7+ =< + 3~)=Ink. 


27. By virtue of Theorem 6 


— 1 
Tag t Tig 
— ¥2 { 1 1 
a) ( y/ 106 + 1 — ese */ 2-108 I 
__ v2 (4 1 
Vi | Vata _ Tate ) 
ane 
The second addend is negative but greater than— ; my 5 > 


— 1.9. The first addend, according to the inequalities (28), 
satisfies the inequalities 


» (3/9406 _ 3 6 V2 
S (2 106+ 1 — 108+ 1) 7 5 < 
Ve 8, 
= 2-7/2 a i yV/ 108+ 2 To TE TeiG 106 


2-108 — y/ 108) = = 15,000. 
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Since the extreme terms of the latter inequalities -differ 
from each other very slightly (less than nai then 


0 4 : ——— 4 
15,000 —-2< tat tae —{—— < 15,000. 
108 
The mean number 14,999 differs from i, 


h=1 
28. By virtue of Theorem 6 


1+—+ ee 


=e leetocget: + 1 |- 


2—2% L(n-+4) (n +2) (2n)* 
7 a [ a a a 7 =e An — Br, 
where 
oe =o Pere cagrewe aE rage 
a . 
Bama t—aet ae + aye: 


The number B,, is a partial sum of the series 
Par eal 


This series is sign-alternating with monotonically decrea- 
sing (by absolute value) terms. Its remainder (by absolute 
value) is not greater than the absolute value of the first 
1 


term of the remainder, that is, the number ‘ 
2% n® 


Since this number tends to zero when n-»>oo, then the 
series converges and 


lim B, = 3) (-1)§-4 = 


N+ 00 ; 2—2% 
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that is y,»=8,—C is an infinitesimally small value. Now, 
using the inequalities (28), we get 
9m 


sae nt) (n+ ty <A < 


< 


mn [en ne = 


Since the difference between the extreme terms of the ine- 


qualities tends to zero when n— oo, then 6, =A, — = 
—-& 
is an infinitesimally small value. 
Thus, 
4 4 
ao eer as ees Te a 
1-a 1-a 
=f bn 6 + yn = Ct Bas 
1—a@ fang 


where 8, =6,-+y, is an infinitesimally small value. 
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